Image reconstruction from cone-beam projections is required for both x-ray computed tomography (CT) and single photon emission computed tomography (SPECT). Grangeat's algorithm accurately performs cone-beam reconstruction provided that Tuy's data sufficiency condition is satisfied and projections are complete. The algorithm consists of three stages: (a) Forming weighted plane integrals by calculating the line integrals on the cone-beam detector, and obtaining the first derivative of the plane integrals (3D Radon transform) by taking the derivative of the weighted plane integrals. (b) Rebinning the data and calculating the second derivative with respect to the normal to the plane. (c) Reconstructing the image using the 3D Radon backprojection. A new method for implementing the first stage of Grangeat's algorithm was developed using spherical harmonics. The method assumes that the detector is large enough to image the whole object without truncation. Computer simulations show that if the trajectory of the cone vertex satisfies Tuy's data sufficiency condition, the proposed algorithm provides an exact reconstruction.
used in a new implementation of Grangeat's algorithm to provide accurate reconstruction of cone-beam data that have been acquired using large cone-angles.
Cone-beam problems can be categorized into three types:
(a) Short-object with oversized (large) detector.
(b) Short-object with moderately sized detector.
(c) Long-object with moderately sized detector.
This paper solves the short-object with oversized-detector problem, reconstructing a whole object bounded in the axial (longitudinal) direction with an oversized (large) area detector, which is capable of obtaining the entire projection data for the object.
In order to achieve a good image quality using cone-beam CT with a large cone-angle, exact or quasi-exact image reconstruction algorithms are required. For the short-object with oversized-detector problem, exact image reconstruction methods from cone-beam projections have been developed. Grangeat's (1991) algorithm computes the radial derivative of the conebeam planar integral of the object from a pair of closely spaced parallel lines on the detector plane, then rebins the data and performs the 3D Radon backprojection to reconstruct the image. Saito (1994, 1995) and Defrise and Clack (1994) used shift-variant filtering with cone-beam backprojection instead of rebinning with the 3D Radon backprojection.
Recently, You et al (1999) developed a method to obtain the 2D Radon transform (i.e. parallel projection data) from variable-focal-length fan-beam projection data using a circular harmonic expansion. Their results show that implementation of harmonic expansion can be a practical and useful solution in some cases. Also, image reconstruction methods using spherical harmonics have been proposed for the Compton camera (Basko et al 1998a (Basko et al , 1999 and for cone-beam data (Basko et al 1998b , Basko 1998 ). This paper further develops the theory for a new implementation of Grangeat's algorithm for cone-beam reconstruction using the harmonic expansion technique and provides computer simulations to demonstrate that an accurate implementation of the proposed technique is feasible.
Spherical harmonics for cone-beam reconstruction
In this section we outline a new implementation technique for the first stage of Grangeat's algorithm, obtaining the radial derivative of the plane integral from cone-beam projection data.
Truncated spherical harmonics
Let G(θ, ϕ) be an arbitrary function which can be described by the spherical harmonic expansion using spherical coordinates (θ, ϕ) (figure 1)
or where Y lm (θ, ϕ) is the 3D spherical harmonic function and the function lm (t) is related to the associated Legendre function P m l (t) as follows:
Interchanging the order of summations in equation (2), we get
If G(θ, ϕ) is a band-limited function, it can be expressed by a truncated expansion where N m and N l are finite. Similarly, once the function G(θ, ϕ) has been sampled with a finite number of data points (corresponding to N m and N l for m index in ϕ and l index in θ respectively), the information in those data sets is band-limited according to Nyquist sampling theory. Thus, all of the coefficients of l and m higher than N l and N m must be zero. Therefore, the band-limited function can be expressed by a truncated expansion
where
We assume that the function is sampled at equiangular grid points
Here '0.75' (known as a quarter-offset detector in the third generation CT) offsets the sampling positions of all data, otherwise π apart data (in ϕ) sample exactly the same positions and are redundant.
An efficient method for converting between a function G(θ, ϕ) and its harmonic transform g lm was developed by Basko et al (1998a) and is summarized by
where DFT and DLT refer to the discrete Fourier transform and the discrete Legendre transform, respectively, and IDFT and IDLT refer to their inverse transforms, respectively.
Description of the cone-beam projection and the first derivative of the 3D Radon transform using spherical harmonics
Using spherical harmonics, the cone-beam projection g ψ (θ, ϕ) and the first derivative of the 3D Radon transformp ψ (θ, ϕ) for a fixed vertex position at ψ are described by
where g ( ψ) lm andp ( ψ) lm are coefficients of spherical harmonics respectively. Note that equation (10) is the derivative of the 3D Radon transform of the object on planes containing the cone vertex, as available from the cone-beam projection using Grangeat's formula.
As established in the appendix, the relationship between g
where P l (t) is the Legendre polynomial of order l. A smooth window function W lm can be applied in order to reduce the ringing effect of the truncation, both in the Fourier expansion and in the Legendre expansion:
lm .
(12)
Computer simulations
Computer simulations were performed to demonstrate that an accurate implementation of the described method is feasible for addressing the short-object with oversized-detector problem.
Algorithm
The implemented algorithm consists of three stages.
Stage 1: converting the cone-beam projection to the first derivative of the plane integral.
The first stage of the algorithm is to obtain the first derivative of the plane integral (3D Radon transform) from cone-beam projections using the harmonic expansion for each cone vertex position. This can be described in three steps:
(1a) Calculating the coefficients g ( ψ) lm in spherical harmonics for cone-beam projections. (1b) Converting g ( ψ) lm intop From this, the second derivative of the plane integral is obtained from the rebinned first derivative using a finite difference between closely spaced data points.
Stage 3: backprojection.
The third stage of the algorithm uses the 3D Radon backprojection to obtain the reconstructed image.
Methods

Scanning orbits and geometry.
Two vertex paths, a one-circle and a two-turn helix, were chosen for the scanning orbits. The scanning conditions of the helical orbit satisfied the data sufficiency conditions (Tuy 1983) . The parameters used in the simulation are illustrated in figure 2. The radius R of the circular and the helical orbit was 60 units. Both the size of the support (a cylinder with radius r and height h) and the pitch of each helix, L/2, depended on which phantom was used, and these are defined in the next section. The number of sampling points at each vertex position was 512 in θ over π and 1024 in ϕ over 2π , respectively (i.e. a sampling pitch of 0.0061 rad), and the number of vertex positions was 256 over 2π . The data were rebinned into a 128 × 128 × 128 (θ 0 , ϕ 0 , t) matrix and the image matrix size was 128 3 . The angular sampling interval at each cone vertex is similar to that used in SPECT. (The length of the arc corresponding to angular sampling interval at the rotation axis, that is, at the centre of the object is a 0.368 detector bin size.) 3.2.2. Phantoms. Two mathematical phantoms, the Defrise phantom and the Shepp-Logan phantom, were chosen for the evaluation. The Defrise phantom consisted of seven stacked discs, each with a radius of 10, a height of 2 and a value of 1.0, which were separated axially by dz = 6. The cylindrical support was r = 10 and h = 38. The parameter L in the helical orbit was 52.
The Shepp-Logan phantom consisted of 12 ellipsoids. The semiaxes of the largest ellipsoid were 21.0, 15.8, 20.5, along the x, y and z axes, respectively. The support parameters were r = 21, h = 41 and L = 62.
Window function.
The continuous window function in equation (12) was chosen as follows:
We chose C l = C m = 1.0 for the Defrise phantom and C l = C m = 0.0 for the Shepp-Logan phantom.
The window function is one of the key factors affecting the image quality (e.g. Gibbs artefacts). It is possible that other window functions may provide a similar performance. Figure 3 shows (a) the central coronal slice of two reconstructions of the Defrise phantom and (b) the central vertical profile of each slice. The image for the circular orbit ( figure 3(a) , left) shows strong oblique shadows and blurring in the axial direction. The profile is also degraded ( figure 3(b) , dotted curve). These artefacts are similar to the wellknown artefacts that are present in the Feldkamp reconstruction and are caused by 'missing data' in 3D Radon space.
Results
Defrise phantom.
The helical orbit, which enables us to obtain sufficient 3D Radon data, essentially improves both the image quality ( figure 3(a) , right) and the profile ( figure 3(b) , thick full curve) by eliminating the artefacts. The results of the helical scanning orbit verify that the artefacts associated with the circular orbit are caused by insufficient cone-beam data. Figure 4 shows (a) an off-centre transaxial slice in the reconstructed Shepp-Logan phantom images and (b) the central vertical profile of each slice. The circular scanning resulted in an inaccurate profile (figure 4(b), dotted curve) showing the cone-beam effect of insufficient data, while the helical scanning gave a more accurate result (figure 4(b), full curve).
Shepp-Logan phantom.
The truncation of the expansion may cause the wide-band circular ringing artefacts in the circular scan and the smaller ripples in the helical scan. A window function can smooth out the truncation effect and reduce the artefacts, but the spatial resolution is also reduced to some degree. Optimizing the window function for better image quality requires further investigation. 
Discussion
The new implementation of Grangeat's algorithm using spherical harmonics can solve the short-object cone-beam reconstruction problem with an oversized detector if the orbit satisfies Tuy's data sufficiency condition. Both the proposed and the classical implementation of Grangeat's algorithm can, in theory, provide exact reconstruction if an infinite number of data points and an infinite number of terms for the expansion are used. When implementing the proposed method with a finite number of data samples and a finite number of terms in the spherical harmonic expansion, the accuracy depends upon the number of each condition. In order to improve the image quality using spherical harmonics further work must be done on optimizing the window function and selecting optimum sampling strategies. The proposed method allows us to obtain the first derivative data without interpolating the cone-beam projection data. Therefore, no interpolation errors are introduced when converting the cone-beam data into the first derivative of the Radon data. However, the number of terms in the expansion depends upon the sampling bandwidth of the cone-beam projections. The accuracy of performing the second derivative and performing the Radon backprojection to obtain the reconstructed image depends on the number of cone vertex positions. Using more positions decreases the intervals between the rebinned data points and increases the accuracy of the second derivative. Another method that can be used to obtain accurate first derivative data is the linogram technique (Axelsson and Danielsson 1994) , which has been used in other implementations of the cone-beam reconstruction problem Saito 1994, Defrise and . A comparison of the accuracy of the reconstructed images obtained using the proposed method with results obtained using Grangeat's original approach, should be of interest for future study. Let us briefly discuss it from a theoretical point of view.
The accuracy may depend on a data sampling scheme that corresponds to the number of samples and to various detector configurations. Typically there are two basic detector designs for a converging beam. One provides equiangular sampling and the other equispatial sampling, commonly used with flat-panel, cylindrical (Saito et al 2000 (Saito et al , 2001 or spherical detectors. The equiangular sampling is advantageous for the method using spherical harmonics because the calculation of the harmonic expansion coefficients requires evaluation of integrals with respect to angular variables θ and ϕ. In such data sampling, the proposed method is more accurate without interpolation, while Grangeat's method introduces more numerical errors. On the other hand, if equispatial data are used, Grangeat's method can be more accurate with a linogram approach; the proposed method requires transforming equispatially sampled data to equiangular sampling introducing a Jacobian factor.
Since this is a feasibility study the code was not optimized for optimum processing time. Without an efficient method for the discrete Legendre transform (LT), the first step at each cone vertex required 90 s (at an actual wall-clock time) using a Pentium II with 450 MHz and 128 MB RAM. Short processing time is required for practical implementation. We believe that the processing time can be reduced by enacting the following implementations:
(a) Apply a fast LT of a linear time fast LT in a forward and an inverse discrete LT in equation (8). (b) Use a parallel computing configuration for the fast LT or the linear time fast LT (Corrians 1996 , Lucet 1997 , Drake et al 1996 . (c) Calculate only some angles that contain data (i.e. do not calculate angles whose projection data are zero). Projection data at most angles are zero because the angular range corresponding to the object support is limited.
Accessing the hard drive frequently significantly slows the current implementation. Using a PC or workstation with larger memory size (up to 1 GB is now available even in a PC) can also reduce processing time significantly.
In order to apply this approach to medical scanners work will need to be done on the truncation problems, such as the short-object problem with a medium sized detector and the long-object problem. For those problems, several exact or quasi-exact algorithms have been proposed (Kudo et al 1998 , 2000 , Noo et al 1998a , b, Tam et al 1998 , Schaller et al 1999 , 2000 , Defrise et al 1999 , 2000 . Using a similar approach in these studies, one can solve both the short-object problem by calculating the first derivative of the plane integral using the spherical harmonics for plural partial planes (Taguchi et al 2000b (Taguchi et al , 2001 ) and the long-object problem by using the spherical harmonics, as done in this paper, and by applying the PHI method for backprojection as described by Schaller et al (1999 Schaller et al ( , 2000 .
In summary, a new implementation of Grangeat's algorithm for cone-beam image reconstruction using spherical harmonics has been developed. Computer simulations verified the approach by showing improved image quality and accurate profiles. However, the artefact caused by the ringing effect of the truncation remains a problem. Further work will include: optimizing the window functions and sampling parameters; improving the efficiency of calculations; replacing rebinning and 3D Radon backprojection with cone-beam filteredbackprojection; applying the spherical harmonics approach to the cases with truncated data (i.e. short-object problem with moderately sized detector and long-object problem).
vector n = (θ, ϕ):
Also, the plane integral (3D Radon transform) is described using a unit vector k = (θ k , ϕ k )
Thus, the first derivative of the plane integral is
Changing the variables and using the properties of the delta function, we have
∵ r = r n, d r = r 2 dr sin θ dθ dϕ = r 2 dr d n, δ (ax) = 1 a 2 δ (x).
From equations (A1), (A3) and (A4) we obtain Grangeat's formula:
where S 2 is the unit sphere. Similar to equation (10), the spherical harmonics for cone-beam projections g ψ (θ, ϕ) can be described as follows: 
The Funk-Hecke theorem states (Natterer 1986 ) that for a function h(t), t
C lm = 2π 
h(t)P l (t) dt. (A10)
Let h(t) = δ (t), then C lm = 2π 
Thus we get equation (11):
